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Abstract 

It is shown that periodic instanton solutions may have bifurcations which 
quahtatively change the behaviour of the finite temperature transition rate. 
These bifurcations are studied numericahy in a quantum mechanical model and 
in the massive two-dimensional sigma model with the Skyrme term. General 
rules which determine the behaviour of periodic instantons near bifurcations 
are derived and applied to the Electroweak Theory. 

In weakly coupled theories, tunneling transitions can often be associated with 
classical solutions to Euclidean equations of motion. A special class of such solu- 
tions, periodic solutions with two turning points (periodic instantons), are believed 
to dominate the finite energy and, under certain conditions, the finite temperature 
transition rate 0. 

Periodic instantons naturally emerge in the context of tunneling from a micro- 
canonical ensemble with fixed energy E. The probability of tunneling from such 
initial state can be written as follows, 

p{E) = J:\{f\sPE\^)\^ (1) 

where S is the S-matrix, Pe is projector onto subspace of fixed energy E, while 
the states \i) and |/) are excitations above two vacua lying on different sides of the 
barrier. Eq.(|ll) has a path integral representation In the semi-classical limit 
the path integral is expected to be saturated by a single solution to Euclidean field 
equations possessing two turning points at t = and t = iT/2 and, hence, periodic in 
Euclidean time with period r — the periodic instanton. With exponential accuracy 
the probability P{E) is 

P(^)~e^(^)=e^^-^(^), (2) 



where S{t) is the action of the periodic instanton per period and r is related to the 
energy E in the standard way, 

Eq.(|^) holds at £" < Egph, where Egph is the height of the potential barrierQ. At 
E > Esph the transition probability is not exponentially suppressed, P{E) ~ 1. 

The thermal rate is constructed from P{E) by averaging with Boltzmann expo- 
nent. The transition rate for Gibbs ensemble at temperature T = 1/ (3 equals 

/■oo 

r(/3) = / dEe-f'^'PiE) 
Jo 



In the weak coupling limit, g <^1, and temperatures T ^ 1/g the integral over E can 
be calculated by the steepest descent method. Formally, the saddle point condition 
in eq. reads 

/? = r(E), (5) 

where t{E) is the period of the periodic instanton. Thus, only periodic instantons 
with the period equal to inverse temperature can dominate the thermal rate. The 
relevance of a particular saddle point depends on the sign of d'^W/dE'^. As we will 
see below, in many models this quantity may change sign at certain values of temper- 
ature. As a result, in different temperature ranges the transition rate is dominated 
by different solutions. 

The exact analytic form of the periodic instanton is known only in one-dimensional 
quantum mechanics. In field theory models it can be found either approximately at 
low energies or numerically ||, |^. However, the qualitative picture of periodic 
instanton behaviour can often be obtained from its low and high energy limits by 
making use of a few general rules it obeys. This picture in many cases turns out to be 
rather complicated. Namely, periodic instantons may have bifurcations which must 
be taken into account in the calculation of the finite temperature transition rate. 

Consider first the high energy limit E ~ E^ph- At E = Egph the periodic instan- 
ton reduces to the sphaleron. Since the sphaleron is the static solution to the field 
equations, it is "periodic" with any period. The action per period of this solution is 
equal to Egp^T while W{Esph) is identically zero. 

Close to the sphaleron, E—Egph -C Egph, the periodic instanton can be represented 
as the sum of the sphaleron and an (almost linear) oscillation in its negative eigen- 
mode. In the limit E Egph the period of the oscillation approaches Tgph = 27r/c<j_, 
where uj_ is the sphaleron negative eigenvalue, while the amplitude goes to zero and 
the periodic instanton merges into the sphaleron. The behaviour of the period t{E) 

^In the Electroweak Theory the top of the barrier is associated with the sphaleron solution 
which is the origin of the notation Esph- 
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Figure 1: Two possible types of smooth behaviour of the periodic instanton action S 
as a function of its period r. The straight hue represents the sphaleron with the action 
•S" = EgphT . 

in the vicinity of the sphaleron is determined by non-linear effects. Depending on 
particular model the period r can be larger or smaller than Tsph'-, correspondingly, 
the action S{t) is smaller or larger that EgphT. In both cases W{E) monotonically 
increases with energy and reaches zero aX E = Esph- 

At low energies, E -C Egph, the periodic instanton can be approximated by an 
infinite chain of alternating instantons and anti-instantons [0, Q- In models which 
have localized instanton solutions (two-dimensional Abelian Higgs model, quantum 
mechanics in double well potential, two-dimensional — model) the limit E ^ 
corresponds to r ^ oo. Alternatively, in models with no localized instanton (four- 
dimensional massive — model, 0(3) a-model with the mass term added, Elec- 
troweak Theory), r — ^> in the low energy limitj^. In both cases the dilute gas 
approximation works and the action of the periodic instanton tends to twice the in- 
stanton action, 5*0 (from below and from above, respectively, as follows from eq. (^ 
at E> 0). 

These two types of behavior at ii^ -C Egph can be smoothly continued into the 
region E ~ Esph as shown in Fig.|l[ In the case I the period r is always greater than 
Tsph', the action monotonically increases from Ssph = Esph^sph to 5*0 as the period 
changes from Tgph to oo (energy changes from Esph to zero). The curve S{t) is convex 

^In these models the low energy periodic instanton is built out of constrained instantons whose 
size p is stabilized by the interaction with their neighbors in the chain. At i? — )■ both p and r go 
to zero in such a way that p/r ^ Q. 



3 



upward, 

Correspondingly, the saddle point is a maximum of the exponent in eq. and 
saturates the thermal rate at temperatures T = 1/P < l/Tgph, so that one has 

r(/3) ~ exp{-Si(3)) 8.tT<l/Tsph, 
T{P) ~ exp{-pEsph) atT>l/Tsph- 

Note that this case requires Sq > Sgph- 

In the case II the period is always less than Tgph- The action monotonically 
decreases when the period changes from r^p/j to zero (energy changes from Egp^ to 
zero). The curve S{t) is convex downward. 

In this case, the saddle point @ is a minimum; the integral in eq. (H) is saturated 
either by £^ = or by ii^ = Egph, depending on the temperature: 

r ~ exp(-5'o) at T < Esph/ Sq, 
r ~ ey.-p{-(3Esph) at T > Esph/ Sq. 

This case requires 5*0 < Sgph- 

Do these two cases comprise all possible types of behaviour? The answer is no. 
It is easy to find models where neither case I nor case II can realize. In fact, the 
Electroweak Theory is one of the examples. It has no localized instantons and shows 
low energy behaviour of the periodic instanton as in the case II [^. However, as was 
first noted in ref.p], the numerical analysis of the electroweak sphaleron implies 
that at Mh > '^My/ one has 5*0 > Sgph-, which is not consistent with the case IlQ. This 
situation is rather common and is due to the fact that low and high energy limits of 
periodic instanton are determined by different parts of the potential and hence are 
not tied to each other. Below we present two examples of models where the periodic 
instanton can be found explicitly and shows the behaviour more complicated than in 
the cases I and II of Fig.|l[ 

A quantum mechanical model. Consider one-dimensional quantum mechanical 
model with the Euclidean action 

■^This anomaly has nothing to do with deformed sphaleron which appears only at Mh — l2Mw 
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The potential V{(f)) is chosen in the form 



vi4>) = — H • 

12 2^ 4^ 6 ^ 

When a > — 1 it is of the double well type, i.e. it has two minima at = ±1 separated 
by the barrier of the height 

The main difference with the standard (quartic) case is that the walls of the wells are 
steeper. 

This model possesses exact zero-energy instanton describing quantum tunneling 
between two wells, in full analogy with conventional double well model. Therefore, 
at -E — s> the period of the periodic instanton goes to infinity (this is easy to check 
by direct calculation, see eq. @ below). On the other hand, in the vicinity of the 
sphaleron one finds 

SO that at a > the periodic instanton has period smaller than Tsph = 2tt and the 
value of action larger than the corresponding sphaleron value. 

In order to see how the two limiting cases match together one has to find the 
periodic instanton at intermediate energies. In quantum-mechanical model this can 
be done in quadratures. 



S{t) = Et +^j> dx^2{V{x) - \E) 



dx 



2{V{x) - XE) 



The function S{t) for a = 1.5 is shown in Fig. |^. The periodic instanton indeed exists 
in some range r < r^p/i, but at a critical value of period < Tgph the curve S{t) has a 
wedge and turns back to large periods. The branches of the wedge are tangent at the 
bifurcation point, as follows from energy continuity and eq. (^. The curve is convex 
upward on the lower branch and downward on the upper one. 



(T-model. A field theory model with similar behavour of the periodic instanton can 
be constructed from the massive 0(3) cx-model of ref.[Q by adding the Skyrme term. 
The model is defined by the Euclidean action 

SE = ^,j d'x{^nX, + (1 + n,) + (6) 

where the is a unit vector in 3-dimensional space a = 1,2,3, = d^n'^ and 
^ut — "'^fu^l!'!- Without the Skyrme term (i.e. at A = 0), the massive a-model does not 
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Figure 2: The periodic instanton action as a function of its period in the steep double well 
model. 

have localized instantons and falls into the class II [H. The approximate solutions, 
constrained instantons, are unstable and shrink to zero size. At A 7^ 0, the size of the 
constrained instanton stabilizes at the value of order (AlogA)^/^ and the model @ 
acquires a localized instanton solution. It can be found numerically 0. The double 
instanton action at A -C 1 is 

So = — + 0{^). 
9 9 

Thus, at A 7^ one expects the low energy behavoiur as in the case I. 

The Skyrme term does not affect static configurations, so the sphaleron solution 
coincides with that of A = model, where its analytical form is 

( shfx) 2 \ 



ch (x) ch [x] ) 

The energy of the sphaleron equals 

9^ 

The Skyrme term distorts the matrix of the second derivatives of the action, so 
the negative sphaleron eigenmode and, hence, the critical period depend on A. It still 
can be found analytically. 
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Figure 3: (a) The action of the periodic instanton (o) in the cr-model with the Skyrme 
term, as a function of its period. Straight line represents the sphaleron. The behaviour of 
S{(3) = — ln(r(/?)) is shown by fat line, (b) The energy of the same periodic instanton as a 
function of the period. 

where a is the positive root of the equation 

(l + 4A)a2 + a-4A-6 = 0. 
The action of the sphaleron at the critical period is 

C — 77 — ni ^ \ 

Jsph — ^sph^sph — 2 

Note that Sq < Ssph, which is not compatible with the case I. 

The periodic instanton can be found numerically. The results of the calculation 
at A = 0.001 are presented in Fig. |[ As in the case of the steep double well model, 
there is a wedge at r < Tgph- 

In both examples, the function S{t) is multi- valued, and the period of the periodic 
instanton is not a monotonic function of energy. This does not affect qualitatively 
the probability of tunneling at fixed energy. In both models W{E) is a monotonically 
increasing function of energy; the wedge in the action shows up as zero of second 
derivative of W{E). However, the existence of the wedge has non-trivial consequences 
for the thermal rate T{(3). The lower branch of the periodic instanton dominates r(/3) 
at temperatures T < T^, = 1/r*, where t^, is determined by the intersection of the 
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lower branch with the hne EgphT. Note that T^, > Tsph- At higher temperatures, the 
rate is controlled by the sphaleron, 

r(/?) ~ exp(-^(/5)) atr<l/r„ 
r(/5) ~ exp(-/5E,p;,) atT>l/r,. 

Thus, in a sense, the two examples considered above are intermediate between cases 
I and II. 



General properties of periodic instanton bifurcations. The wedge in the ac- 
tion that was found in the above examples is likely to be rather common phenomenon. 
Moreover, it may be considered as a particular kind of bifurcations of the periodic 
instanton solution under the change of parameters (period r here) and should be 
treated on equal footing with the bifurcation point at r = Tgph where the periodic 
instanton merges to the sphaleron. Since the behaviour of solutions near bifurca- 
tion points is governed by global properties of the action, its general features can be 
analyzed without referring to particular model. 

Consider the hessian of the action for a given periodic instanton /. In general, the 
periodic instanton is not a local minimum of the action, so the hessian has a finite 
number /i(J) of negative eigenvalues. Generally, it has also zero modes, corresponding 
to global symmetries of the model, but we consider them pre-eliminated, so that 
for generic values of parameters the hessian is supposed to be non-degenerate and, 
hence, /i(J) is the Morse index of the solution I. The determinant of the hessian gives 
pre-exponential factor in eq. (|]), which is ignored throughout the paper. However, it 
contains an important piece of information about the leading approximation. Namely, 
each negative mode of the hessian contributes into eq. @) a factor i. The path integral 
representation for P{E) contains also integrations over discrete variables which finally 
reduce to integration over the period r ^ (so that eq. (^ is in fact the saddle point 
equation). This integration may give another factor i. Thus, the requirement that 
P{E) is real translates into equation 

(-l)^(^) = 1, (8) 

were we made use of the relation d'^S/d'^r = dE/dr. Eq.(||) should be treated as a 
selection rule for solutions which can contribute into P{E). According to this rule, 
the periodic instantons of types I and II should have an odd and even number of 
negative modes, respectively. As is shown below, this is indeed the case. Similar 
statement apphes to the lower and upper branches of the wedge. 

When several solutions merge together one can define the degree d of the bifurca- 
tion point as sum of (— 1)^*^'^-' over all merging solutions: 



dE 
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This number is a topological invariant, which has the same value before and after bi- 
furcation. Actually, the low dimensional geometric intuition implies that the number 
of negative modes on merging branches monotonically increases with their action. 

As an example consider the wedge discussed above. Before the bifurcation point 
(r < Tc) there are no solutions, so d = 0. Therefore, at r > Tc the two emerging 
solutions must obey + /ti(/2) = odd (and, therefore, should have opposite signs 

of dE/dr), i.e. the lower and upper branches should have an odd and even number of 
negative modes, respectively. This fact can be easily checked in quantum mechanics 
by direct numerical diagonalization of the discretized hessian; for field models this 
statement is less trivial. 

Another application of the conservation of d is the bifurcation of the sphaleron 
at r = Tsph- The sphaleron solution has exactly one static negative mode. Consider 
time dependent modes of the hessian 

H — —9'^ + Hstat 

in the vicinity of the sphaleron. Here Hstat is the time- independent part of the hessian. 
The static eigenmodes of the sphaleron diagonahze Hgtat: 

Hstat = J^'^n^n'^Un- 

Therefore, the full hessian has eigenmodes 

TT I \ 27rmt , , 

Umn{t,X) = COS Un{x) 



and eigenvalues 



Amn — '^n + 



-) 



The static negative mode of the sphaleron corresponds to n = 0, so that cuq = —lo^_ < 
0. We see that at r < Tgph = 27r/cj_ the full hessian has exactly one negative mode 
Aoo = —i^-, but at r > Tsph another negative mode appears with the eigenvalue 

Aio = -a;! + (^) <0. 

In order to satisfy the conservation of d at r = Tsph we have to assume the existence 
of at least two periodic instanton solutions, both merging or splitting when r passes 
through Tsph- Moreover, in the case of splitting these solutions should have one 
negative mode each, while in the case of merging two negative modes each. We 
indeed have exactly two periodic instantons differing by translation in time by r/2, 
so this analysis not only proves the existence of periodic instanton in the vicinity of 
the sphaleron (this fact is non-trivial in models with multiple degrees of freedom), 
but also predicts the number of their negative modes. 
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Figure 4: (a) Expected behaviour of the periodic instanton action, ^(r), in the Electroweak 
theory at 4Mw < Mh < 12My/. Straight hne represents the sphaleron. (b) Corresponding 
function S{j3) (fat hne) which determines the thermal rate T ~ exp[— 

To summarize this discussion, the behaviour of periodic instantons is governed 
by a set of simple rules: i) The action always increases with the period, as follows 
from eq. (^. ii) The energy monotonically decreases as moving along the curve of 
periodic instantons from the sphaleron. iii) The curve is convex upward or downward 
at dE/dr negative or positive, respectively, iv) The number of negative modes is 
correlated with the sign of dEjdr so as to obey eq. (||). v) At bifurcation points the 
degree d must conserve and the solution with larger action should have more negative 
modes. 

In conclusion, let us apply these rules to the periodic instanton in the Electroweak 
Theory at 12Mw > > AMy/- In this case one has 5*0 > Sgph, while the low energy 
behaviour of the periodic instanton follows the case II. The simplest way to reconcile 
these two facts is shown in Fig. |a (if the behaviour of the periodic instanton near 
the sphaleron is as in the case II, it must have at least two wedges). The lower 
branch (consisting of two identical periodic instantons which are shifted by t/2) 
has one negative mode, while the upper branch has two negative modes. This has 
an implication in the calculation of the thermal rate: at temperatures T satisfying 
Tsph < 1/^ < ''"* ^he latter is saturated by the lower branch of periodic instanton, 
see Fig. This picture survives up to ~ 12Mw, where the sphaleron itself 
bifurcates 0. 
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